Instead of using a state transition diagram that is the usu
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&
*.

oo ;
S TRAL oA * 2

W

. An alphabet of stack symbols (), rds the right end.

4. A pushdown stack. Initially the stack js
character ¥ at the bottom to represent the s

5. Start, accept, and reject indicators.

Branching state—read.

7. Stack operations, namely push and pop.

g

The inpt.xt tap.e of a PDM is visualized to be divided into cells having one input symbol
from = wntt?n into each—a finite control (head assembly that moves one cell at i time
towards the right upon reading a symbol from the tape) and an external stack, which is an
external memory. Figure 6.1 shows a pictorial representation of the memory ,of a PDM.

Tape and head assembly

a b a b |\ ¥ | ¥ -

Current +

state i
Head moves from left to right

Read
head

i ke At ¥ ; Denotes end of input as well as ¥
stack bottom External stack
memory

Figure 6.1 Memory of PDM

A PDM can only read from the tape and cannot write onto it; the read head zflways moves
in one direction, that is, from left to right. The stack is external to the reading asslembly
and acts as an auxiliary memory. Thus, a PDM can be considered as an FSM having an

€xtemnal stack memory.
621 Pictorial Representation of PDM Elements

al notation for describing machines,

aPDM is ing flowcharts. _ :
Figure ge gr;es;?zsd tl}lnsc":i?fferem elements that are used in the flowchart representation
of a PDM. The typical elements are as follows:

i al
* Start indicator; This is a very common element found in flowcharts
beginning of the computation.

¢ denotes the
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Read the input symbol from tape.
b (This is a conditional block and

depending on the symbol read,

it performs different operations)

Push a <letter>, i.e., some symbol
onto the stack and proceed

Y Pop a symbol from the stack.
(This is also conditional, like the read block)

Figure 6.2 Pictorial representation of PDA elements

:l;lcrtp:mng It MT fhde:;;:)etes the end of computation that results in accepist®
. at the input string has i the conle¥
free grammar (CFG). We know g has a valid pattern as defined by

| o g that a PDM accept izes CFLs
7 * Re ’ Pts or recognizes CFLs. _
1 ln:u“smu mdlcm’l’lu This denotes the'end of computation that results in the rejt:CﬁO""“k
Push wmi Pu:hn'wam that the input is invalid with respect to the CFG rules.
bya fwhng-ula: blls an operation that is carrieq over the external stack and is &
A ilsock. One §ymbol can be pushed at a time, ‘
specified blse(:lp on &u::pemr:g?n thq‘ res“.“s in a decision block. The program -
* Read state; Reag ma y that is retrieved from the stack.

b

) —
based on the input symmpt::tein::: a:ﬁ adecision block. The program flow 1S gpec!
6.3 PUSHDOWN AUTOMATA
PUSthWn automatp
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PUSHDOWN STACK-MEMORY MACHINE 303
Formal Definition

A pushdown automaton M is denoteq as
M={Q2, I—: 3, 90 Zy, F)
whel'e'

0: Finite set of states

3: Input alphabet (input strings are composed of

[ Stack alphabet e )
go: Initial state go, which is a member of 0

Zy: Zo, which is a member of [
indicates the bottom of the stack,
F: Set of final states, F C Q

5: QX I X | = Q.>_< [* (Thi.s defines the transition function & for a deterministic PDA
or DPDA. The transition function for a non-deterministic PDA or NPDA is different, and
is stated later) ’

1S a particular stack s

! ymbol called the
and is considered as )} vart synibol. k

(blank character) in many designs

The stack is an external storage system. Hence, one
though it may not really be the symbol that has been read from the input tape. Moreover, one
can push multiple symbols onto the stack, upon re

NP B ading a single symbol from the input tape.
Hence, there is a distinction between input alphabet () and stack alphabet (| ). These two sets
may overlap or may be completely distinct sets, depending on the problem that we are solving.

Any subset of Q can be marked as the set of final states F, depending on the solution.
Upon reading the entire input string, if the machine resides in any of the final states, then
the input string is considered as ‘accepted’ by the machine. Otherwise, the machine resides
. in any of the non-final states, and the input is considered as ‘rejected’ by the machine.

Usually, in the pictorial representation of the problem solution, rejection is not explicitly
shown. The paths that are unspecified in the flowchart are considered rejection paths. We
shall discuss more about this in the examples.

A stack is initially assumed to contain the symbol Z,, that is, the blank character 4. Any
PDM solution is based on this assumption.

In case of a DPDA, & (g, a, Z) does not contain more than one element for any Stz.lt-e q
in Q, any symbol Z in [ on top of the stack, and input symbol a in 2. Thus, the transition
would be of the form

6(¢.a,2) =@y : "
Where, p is the unique next state in Q to which the machine makes the transmofn (p r;l(a:l)sr
Or may not be equal to g), and 7y is a member of [ *(zero or more occurrences of sym
from ['). The symbol y can be one of the following:

* Empty, that is, ¢, if the stack operation performed is pop. This means that Z is popped
out of the stack. i

* Z, if the stack is not updated—only a state transition 1;1 T:ft:cr;ned.

: Wy oy o o )t::;e x(:c;ma::s::l‘llu;‘l‘:o symbols xx ..xx are pushed onto
Xx...xx, if Z is popped out of

the stack.

Can store any symbol onto the stack,

 ———eeEemn
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304 THEORY OF COMPUTATION ‘

Therefore, if the DPDA is in state g, it reads symbol a from the tape cell, apq if7:
top of the stack, it changes the state to p, replaces Z on the stack top by y (considcrinls on
aforementioned four scenarios), and moves the head one cell position to the right o the the

For an NPDA, the transition function 8 is defined as follows: lape,

8: 0 X {2 U (¢)) X[ - finite subsets of Q X [ *

For example, consider the following transition:

6 (qv a, Z) = {(pl’ 71)’ (Pz, 72)’ ) (pm! 'Ym)}-

where, g, p, P2, ..., P are states from Q, a is any input symbol in 2, Z is any stack Symboj
in[, and all , for 1 < i < m are members of [ *.

The interpretation of this definition is that the NPDA in state g reads input symbo| 4 while
Z is the topmost symbol on the stack, possibly makes transition to any state p,, replace
symbol Z on the stack by any string v; (as per the aforementioned four scenarios), 34
advances the read head one cell position to the right on the input tape. The NPDA, hepc,
is considered as an unpredictable (non-deterministic or possibilistic) machine as it g
perform any of the possible transitions during its execution, though the current machige
state, current input symbol being read, and the stack state are the same.

6.4 FINITE AUTOMATA VS PDA

As we have discussed, a PDA can be visualized as an FA having an external stack.
Thus, a PDA has infinite storage in the form of a stack, which is missing in the FA.
Hence, the FA has lesser computational power compared to the PDA. Furthermore, an
FA cannot solve any problem that requires to store intermediate results in the memory
for further computation.

As we know, FA are capable of accepting (or recognizing) regular languages (RLs)
while PDA can accept CFLs. Since the set of all RLs is a subset of the class of CFLS, ¥¢
can say that every RL is also a CFL; however, the vice versa may not be true. Hence, PDAS
can accept all RLs. This is demonstrated through the following examples.

6.4.1 Examples of PDA Accepting Regular Languages
4______/‘

3 |
Example 6.1 Construct a PDA that recognizes the language accepted by the DFA show!
in Fig. 6.3.

r lhe
Solution The DFA given in Fig. 6.3 accepts the regular language represcnled by
following regular expression:

b* a a* (b b* a a*)*

a We can construct a DPDA equivalent to the given DFA, as shown in Fig. _6;4‘ e of

In Fig. 6.4, we see that Read, state of the DPDA is analogous to the il‘lll.lill SRedff!

Figure 6.3 the DFA and Read, state is analogous to the final state of the given D.FA- Slﬂcl‘; blauk
Example DFA state is analogous to the final state, if the input ends in Read,, that is, if We g¢

P
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Character bo
String; ejge it

case no
CXample g4

i the tape in Re
transits tq ‘acce
e that the ex(e
the language pe;

the Changes
In this example

ad,, the machine rejects the input
ept’ state as shown in the figure.
mal stack is not required for this

ng accepted s ;
FA and the pppy, ptedis a regular language

are only Notational,

are equivalent machines and

we have de
language acceptor monstrated the PDA as a regular

rgue 64 DPDAequivalent to DFAn Let us simulate the o .
Fig. 6.3 ba’ and ‘baaabaly . orking of the PDA for the strings ‘bbag-
1. Simulation for string ‘bbaabg’:
Current state Input sym
Start ———E———X__tl?_l_____NEXt State Head point position

a
4——""’/,;/

i “.—-4-’_'—"-—'l:_”_‘_”——_”Read1

1 Read, 4"’"/"‘;’//

—

Read,
Read, ‘/”‘T"! Read,
Reody «—T1—T 5 1. bl
Readj /Readz
Read, <« Read,
Read,

Read,

‘R"eadz == b Accept

- Thus, the string ‘bbaaba’ is accepted by the PDA.
2. Simulation for string ‘baaabab’:

%bababm
b%aababm
bbaabap..
bbzababm
bbaZbabm
bbaalabm
bbaabakp..

bbaab b;
aababp..
T

"l'hus, the string ‘baaabab’ is rejected by the PDA

. Currentstate  Input symbol Next state Head point position
Start — Read, %aaababﬁm
Read, /Readl bgaababh..
:Read,//Readz bacTzababb...
Readz/keadz baaababl..
.Rﬁﬂg4——*"*ﬂﬂ‘~’#:#”’ﬂ‘ﬂﬂﬂRﬁdz baaa%abﬁm
.Readz//;’/Read, baaab;{gbb...

y Read,.——//‘a//Readz baaababl..
Rmz/Rcad, baaabab%{...
Readl‘///;//Reject baaababb%...
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406  THEORY OF COMPUTATION

This simulation depicts how the input string is bei!l.g ref“d one symbol 4 , iy
the machine. Upon reading every symbol: a state tra.ns1.tlon is pf.rforrned as deser; g 'Qy
Fig. 6.4. The machine stops after consuming the entire input string. If the macp;, ™
reading the entire input, is in the final state (in this example, Read)), then the maCl;jn

iy

said to accept the string; else it rejects the string.
e

Example 6.2 Construct a PDA that recognizes the language accepted by the Dp shoy
in Fig. 6.5. . a, b "
a
b QD X2 &
Figure 6.5 Example DFA
Solution The equivalent DPDA can be constructed as shown in Fig. 6.6.

Figure 6.6 DPDA equivalent to DFAin Fig. 6.5

We see that the Read, state in the PDA is analogous to state 1 in the given DFA. Similarly,
Read, is analogous to state 2, and Read, is analogous to state 3 in the given DFA. Hence,
Read, and Read, are non-final states. If the PDA reads a blank character / indicating the
end of the input string while in these states, the machine rejects the input string. Upon
reading the entire input string, if the PDA reaches the final state, that is, Read;, then the
input string is accepted by the PDA.

Let us simulate the working of the PDA for the input given as ‘abaab’. The acceptanct
of the input can be shown as follows:

Current state Input symbol Next state Head point position _
Start — Read, abaabl..
Read, / Read, Z baabl..
Readza—k//j///' Read, a‘!r;aab#---
Read, a Read, a bz abp..
Rcadz“"’//—‘a_-’/ Read, a bazbﬁ---

) “,—k’;/i——/’_— Read,
Rea-d3 b

abaablbl..
T

Accept abaabbl..
I/
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PUSHDOWN STACK-MEMORY MACHINE 307
642 Relative Computationg poyerg of PDA and F
and FA

We have seen in the Previoy
. § Subsectj
However, a PDA is much m on that PDA cap ac ¢
; re Cept regular languages just as FA,
in the form of an externg] stackpowel:fUl wh guages just as

45 PDAACCEPTING CFLs

bwuzll;?ve selt;l; gzt a PDA accepts not only RLs, but also CFLs. Further, we also know that
ilding a )A.or an NPD{\ that accepts RLs does require an external stack. However,

this is not possible while designing a PDA solution for the CFLs. ,
The following examples will illustrate this further.

Example 6.3 Construct a PDA that accepts the following language:

,L={anbn|n20}

Solution As per the definition, every string in the language contains n number of
a’s followed by the same number of b’s; also, it contains an empty string €, whenever

n=0.

Algorithm

1. Keep on pushing all a’s onto

k.

: A 4 g s one a from the stac . .

| g ﬁ'a::l -y ma?gsz’l;’;epopual to the number of b’s, then at the end of the input string,
A e number O €q

. the top of the stack should also
. s read from the tape, ¢ e
that is, when blankhch:;f::‘: ?nldicatin g that the stack is empty. The string 1s accepted
contain the blank char ’

only in this case; else it is rejected.

ired DPDA is construct

Tw.l:esl:f ;l;:;!d Fig. 6.7 that Read, state 5

b, it performs the pop operation:atR;C;yz
b's are following the a’s: &Y repe

b that is read.

the stack till the machine reads the first b.

:0 Fig. 6.7.
ed as .‘shOl‘::S1 ::l‘l f;{g onto the stack. On reading the first
us

s whether or not the same numbex: of
s from the stack for every matching

— v
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Read,: Keep on pushing a’s till you get the first b
Pop,: Pop an a when you read one b
Read,: When you get b while reading b’s go to ‘Pop,’
Pop,: Input is finished, so check whether the stack is empty or not.
If empty go to ‘Accept’
Figure 6.7 PDA that accepts {a” b” | n = 0}

Simulation

1. Let us simulate the acceptance of the string ‘aabb’:

Current state Stack contents Tape and head
Start b aabblblp..

4 T

Ifeadl b aflz\bbbﬁ...
a

EUShﬂ ba aabbpp..

T

Read, Ba aabbpip..
a 1

iusha baa aabbpbl..

T
b{f‘-’ad: baa aabblbl
T
a’f’Pl ba aabblh
T
b’fe“dz ba aabbbi..
T
ai)ap‘ b aabblbl
T

R
yieadz b aabbpbl..

Pop, T
pl - aabbplb..

Accept T
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The arrows on the left-hang «;
side ind;
i sym!mI: The operations ‘p:é:fc:;?i o
In the beginning, the stack i assumed e
0 co

(1]
=
a=]
-
=
[
17
£
(1]
=
(el
H
—
-5
s ()
i g
- - o a
pe3
|
7
o
3
-
o
-
o
j=+]
—
—
g

€

2. Let us now simulate the rejectiﬁn ':f Z;g;:;k .(refer to Section 6.5 2)
Cu
- ;r:tnt state Stack contents Tape and head
i b ;bbbabb”
Read,
ol 4 aibbabbm
Push
I a v “?bbabbm
eudy ba abbbaklplpy
bl 7 "
0 b abbbakbyp ..
a Jr T
Read: i b abbbabb,,,
bl %
Pop, — abbbabyp ..
bl 1
Reject

.ln this simulation, the first a gets pushed onto the stack. When the second input symbol
b is read, the topmost stack symbol a is popped to match the read symbol b. The stack
becomes empty after the first pop. The third symbol b is read but the stack is found to be

€mpty—it does not contain any more a’s to match with the b that is read. Hence, the input
String is rejected.

S —

&hm;i WS e r W At U F

Pd”m given language L = {a"b" | n = 0}, is not a regular language; therefore, it cannot
¢ be recognized by an FA. It is actually a CFL and the CFG for the same can be written as
B S sash]e

Nl :
e

W % ul
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pUTATION

{73, We observe that the PDA in Fig. 6.7 is  DPDA because from every starg
i transition for a symbol that is read. / ere js ,
| 3. We need not restrict ourselves to using the same alphabet for the input strip
I stack. Since the stack is an external memory component, the stack alphabet (Ers) ™ Well 5 e
to be distinct from the input alphabet (2). In this example, it is possibje 2 18 copg;
the tape and push x onto the stack. In this case, the number of x’s represents th?g an -
Ount of the

number of a’s present, as shown in Fig. 6.8.

"llique

DPDA USlngdrstlnct sets of input and stack alphabéts S

) (Read,, q b) = (Req
» 4, d,, alf)
é (Read,, a,a) = (Readll, aa)

The followin
: g two €quations d
is read. This i ina: enote the pop operag;
18 Indicated by the stack ol wll)u' ZF;IIH:; aﬁ; Zsoil:]rt of the stac;k I;or everyl‘ﬁ'
om a to € (refer to prog

block 2 in Fi
8. 6.9). The ¢ o
b that jg read WO transitiong indj ;
and Read, t, itself for the subszztl?el:tol‘;’mﬁlfmm eoh o Resdy Jorl N
§ that are read.

input string, if it - the two
is, when mn;ahff;l:ts tz:n uired pattemp;"off aITI'lhpz;iU:: that lead to the acceptance of ¥
5 i s . [¢] i g
gise tequ ase”
MPty (€). The second eqUat?o: ur:;r:g;i:etggg:" 77
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Figure 6.9 PDA that accepts {a"b" | n = ()

cepts the given CFL., The following six are
may not be specified—since anyway,

The following two rejection equations represent the presence of additional number of a’s.

8 (Read,, B, a) = Reject
0 (Read,, P, a) = Reject

The following two rejections represent that the number of 4’s is more than the number
of a’s.

8 (Read,, b, P) = Reject
8 (Read,, b, ) = Reject

These two equations are reached when the DPDA reads a while in Read, state, no matter

what is on the top of the stack. This is something that is against the expected pattern. These
e where there are some a’s even after all the b’s have been read.

equations represent the cas - :
Hence, they are considered as rejection equations.

8 (Read,, a, V) = Re_iect
8 (Read,, a, a) = Reject

6.5.1 Instantaneous Description of PDA .« its description at a given
-otion (ID) of a PDA, as the name Suggests, 15 its de R

s dcscnptl_Oﬂ ( iven input string. Itis described with the helQ - Iz::inins; to be

KR ST C(g]npu;:egr:: ilt:';tee of [:hc machine; w denotes the input string rem

where g denotes the € ost stack symbol.

read from the tape; and z denotes = :zpsnt]ring (symbol by symbol

o “;lh)ile cox::;zlnfmé:);rit:v;l; ::[:)[:Itinues as long afl; ;hgels';ﬂl::eglsmm(;r:

Sin[::.matit;)n:nwe have seen in the examples can also

help of a series of IDs.

) the PDA moves from
<. This means that the

formally with the
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312 THEORY OF COMPUTATION

Let the current ID of a PDA be (g, aw, Z). This means that g is t'h(.e current gry,.
the symbol to be read from the tape, which is followed by the remaining string ,,.
is the symbol on top of the stack.

Let us consider a transition & (g, a, Z) = (p, ). The next ID for the PDA afte, readip

the symbol a from the tape would be (p, w, ), where P is the‘ next st'alte; W is the Temajy,.
ing string to be consumed; and y is the new stack string. This transition from ope Dy

another is formally denoted as

(g.aw, 2) F (p,w, 7)

Let us simulate the acceptance of the input string ‘aabb’ using the series of IDs,
Let us relabel Read, state as g, and Read, state as ;. We have already labelled Z, 5 b

which represents the bottom of the stack.

(g0, aabbl, b) t (qo, abbl, ap)
F (qo, bbH, aak)
F(q1, bW, ab)
F(g1, 4, b)
F (Accept, €, €)

6.5.2 Acceptance of CFL by Empty Stack

The acceptance of an input string ‘aabb’ as depicted in the previous section is an example of

acceptance by an empty stack. Observe that neither Read, nor Read, is desi gnated as a final

state in the DPDA shown in Fig. 6.7. In this chapter, we have implemented acceptance by

empty stack for all the solved examples, as it is the most common way of implementation.

Readers may attempt to build the acceptance by final state for these examples, if interested.
A string w is said to be accepted by a PDA, if

(q{}l W, Z)) }-* (P: 6; 6)
where, p is any state in Q, and ‘" denotes an ID after reading the entire input string. ‘+"* denotes
multiple steps in reading the string, while ‘+’ denotes one step at a time (refer to Fig. 6.10).
6.5.3 Acceptance of CFL by Final State

A.cceptancc by final state is not very commonly implemented for PDA and is not very
different from acceptance by empty stack.

A string w is said to be accepted by a PDA if:
(qo, wa ZO) ’_* (P, 65 7)

where: pisa membe_r of F, 'which is a designated set of final states (refer to Section 6.3),
a‘nd Y 1s any stack string. This means that upon reading the entire string w, if the PDA tran-
sits to a final state, then the string w is said to be accepted by the PDA (refer to Fig, 6.11).

6.5.4 State Transition Diagram for PDA

We can also represent PDAs using the state transition diagram, just as we did in the case
of FA and Turing machines, However, there is a slight change in the notation, based on
whether a given PDA accepts a CFL with an empty stack or a final state.

— ..
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& ZU/ aly b, ale

o adigie oy
€, €
%’

640 State transition diagram for PDA
ﬁ%’:aécepts {@b"| n = 0} by empty stack

a, a-/ﬂ zoa
a,alaa, b, ale

Figure 6.11 State transition diagram for PDA
that accepts {a” b" | n = 0} by final state

relabelled Read, as qq; Read, as q,;
final state, it is reached when the input ends ang

to depict the DPDA acc
state, as shown in Fig. 6.11.

,s_.‘?.“_—rg b, ale Q € Zye .
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and accept indicator ag p. Note that though p is not a

the stack becomes empty.
The state transition diagram in Fig. 6.10 can be modified

epting the same CFL by the final

We observe that the only change in Fig. 6.11 is that p is

now marked with double circles to indicate that it is a final

state; and the stack string Z; remains unchanged while ap-
proaching the state p.

S(S)S|e

f Algorithm
The problem is similar to
. should begin with a,

| the machine can read ope
. rather than all ‘(’s being ¢
| the form (* )'; for example:
| to this, the algorithm and

1. If youread s

3. Repeat the
! string. .
. 4. When the inp!
' this indicates

hed later w
1 e stack to be matc _ ;
| P i g paf: I;:hii:i by all )’s. In other words, the language is not of
ad first follO

be stri |
th;l‘;: :\ryill be a little different, as follows:
the

ymbol ‘C, push
: ‘)’ poP
2. On reading :ggmentio“

t cnds- that
that the stoin

Example 6.4 Design a PDA that checks for well-formed parentheses.

Solution As we know, a string of parentheses that is well-forme.d §hould start with tﬁe
opening bracket ‘(" and must end with the closing bracket ‘y’. This is a CFL and can be
described with the help of the following grammar:

The language can be expressed as

L= {€,(),(()),()(),()(()),(())(),--.]

that 1n the Vi in which we have seen that the suing
. III‘C 10US examp]e. 1mn A ; a

. [Chcd Wlth the subsequem b S, 1m this examp]e, all ( S arc
and 1s ma

ith the subsequent ‘y’s. The on.ly difference i§ lhat
‘(’even after reading the closing parenthesis °)’,

ngs of the form «\)() or ‘() (())" as well. Due

‘(" onto the stack.

‘(" from the stack.

steps till you finish with all the parentheses in the
ed two

tain #;
reading ¥, the top of the stack should also contal
is, on '
; consists of well-formed parentheses.

e ————————TT
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314 THEORY OF COMPUTATION

The DPDA based on this algorithm can be con-
structed as shown in Fig. 6.12. This DPDA can
also be expressed using the following set of forma
equations. These are just two different ways of
representing the given solution and are equivalep,
to each other.

When the symbol ‘(" is read, push it onto the
stack. This is expressed using the following tw,
equations:

8 [Read, (, ¥] = [Read, (V]
& [Read, (, (] = [Read, ((]

The following equation represents the popping of
‘(’ out of the stack for every ‘)’ that is read:

— = [Read, €
Figure 6.12 DPDA that checks for well-formed parentheses &'[Reac ), K1 =0l I

The following equation is the only path to acceptance. When the input ends, the stack
must be empty as well.

8 (Read, B, ¥) = Accept

Rejection paths are expressed with the help of the following two equations:

0 [Read, ), ¥] = Reject ... number of ©)’s is more
0 [Read, ¥, (] = Reject ... number of ‘(’s is more
Simulation

Let us simulate the acceptance of the string “(( ) ( ))’ by an empty stack.

Current state Stack contents Tape and head

Start P (O bb... -
¢ T
Read ¥ (ONbE...
(4 )
Push ( b( () bb...
I} 0
Read b( (ONbH...
(1 T
iush( b(( ()N bb...
T
Read )
)l“’ b(( (OO b ..
T
Pop
| : b( (O)Nbp...

i)
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. Read
n (! b( (O)O)) k...
: Push ( T
t 78 b« (OO bb...
Read T
: yd P (O bp..
) Pop, T
(L b( (ONbE...
Read T
ol b( (()())ib..
f Po
(lf" b (O bb..
T
Read
7
| R (()()m;...
Pop, — (OO Bb...
pl 0
Accept

Example 6.5 Construct a PDA that accepts the following language:
L = (X, aXa, bXb, aaXaa, abXba, baXab, bbXbb, aaaXaaa, ...}

Solution 'We see that the language consists of all odd length palindrome strings over = =

{a, b} having X as their middle symbol. This is a CFL with the grammar expressed as

S—aSa|bSb|X

Algorithm
. 1. Push all symbols onto the stack till X is read by the machine.
. 2. Beyond X, for every input symbol that is read, pop a symbol from
. for the equality with the recently-read symbol. ' |
3. If the s;(rlnbol );n the stack matches with the symbol read, then continue step 2; else,
- reject the string.

4. If the end of the input is reached, th
top of the stack. If the symbol popPe
input string; else, reject the string.

the stack and check

pop the symbol onto the

. the symbol read is #,
at is, the sym empty), then accept ihe

d is also § (indicates stack

nstructed as shown in Fig. 6.13. The set of equa-

The DPDA based on this algorithm is . |
ti i DPDA are given fiet= : N s till the symbo
m’?hzqfl::l‘{:l\s?;g[osit:zqumions are responsible for pushing all @S and 5’8

X has been read.

8
§
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Push a

Push b |

Figure 6.13 PDA that accepts language L

0 (Read,, a, ) = (Read,, ab)
8 (Read,, a, a) = (Read,, aa)
0 (Read,, a, b) = (Read,, ab)

6 (Read,, b, ) = (Read,, by)
8 (Read,, b, b) = (Read,, bb)
8 (Read,, b, a) = (Read,, ba)

The following three equations re

present the case when the midd]e symbol X is read. A tran-
sition is made from Read, state

to the next state, Read,, and the stack remains unchanged.
8 (Read,, X, a) = (Read,, a)

8 (Read,, X, b) = (Read,, b)

0 (Read,, X, ) = (Read,, p)
On.ce the symbo] X s read, the steps are followed to matcp, the remaining half of the inp!
String to the first half, w

hich is already present on the stack. This is expressed with e
help of the following three €quations;

If the symbo] read is

Popped off. the same as the Symbol on top of the stack, then it ges
9 (Read,, b, b) =
o (Readz, a,a) =
3 (Read,, b, b

(Readb f")
(Read,, ¢)
= Accept
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& (Ready, b, ) = Reject
8 (Read,, b, a) = Reject

6 (Read,, B, b) = Reject
8 (Read,, I, a) = Reject

8 (Read,, X, b) = Reject

0 (Read,, X, a) = Reject

8 (Read,, X, V) = Reject
Simulation

Let us simulate the acceptance of the string ‘abXba’.

Current state ~ Stack contents

Tape and head
itan b abXbalbly..
T
Read, y abXbalbp..
al 1
Push a Va abXbalbhb..
y )
Read, Va abXbalbb..
bl il
Push b Bab abXbabb.
\2 i
Read, Pab abXbalbb..
x{ T
" Read, Pab abXbalbhp..
bl i
Pop, ba abXbabhb ..
bl T
Read, ba abXbablb ..
£ X b bTb
IaP.:)pl b ab a A
Readz b abXbﬂbb-..
bl !
Pop, o, abXbalff?r...
bl
Accept
6,
" DPDA VS NpDA
Consider a CFL that consists of all possible palindrome strings over = = {a, b). Sucha
CFL can be expressed with the help of the following CFG: o

S—aSa|lbSb|alble

A -
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0dd length palindrome strings over = = {a, b} can be generated using the following

grammar rules:

S—aSa|bSb|a|b (G
This is obtained by replacing the middle symbol X in the CFG we have seen in Examp]e
6.5 by aorb.

Similarly, all even length palindrome strings over 2 = {a, b} can be generated using
the following grammar rules:

S—>aSal|bSh|e (G

Here, the middle symbol X in Example 6.5 is replaced by e.

We see that the grammar G is a combination of the rules for odd as well as even lengh
palindrome strings over = = {a, b}.

Using this grammar, and with the help of the following example, let us attempt to
compare DPDA and NPDA.

Example6.6 Constructa PDA, which accepts the language denoted by the following grammar:

S—aSa|bShla|b|e (G)

Solution The given language consists of all possible palindrome strings over 2 = {a, b}.

’ The required PDA can be obtained by making the following changes in the DPDA
shown in Fig. 6.13.

In Fig. 6.13, the middle symbol X separates the first half of the string that is pushed

onto the stack, from the second half that is used for comparison. If we wish to accept all

odd length palindrome strings over 2 = {a, b}, this middle symbol X must be replaced by

either @ or b, as shown in grammar G1. Hence, the transition from Read, state to Read,
state is changed either to symbol a or b (refer to Fig. 6.14).

Push o

Figure 6.14

NPDA that accepts all palindrome strings over 3 = {a, b}
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Similarly, as per grammar G

strings; hence, the transition f; dle symboj x beco i
m
PDA (refer to Fig, 6.14), v 0m Reqd, state to Reg es e for even length palindrome

ech d, state, T i :
Thus, there are now threw ange the Symbol X 1o ¢. herefore, in the required

08sj .
input symbol read—aq, p, Possible transitions fy

» the miq,

om Read, to Read, depending on the

: e €notes th i .
till the mid-point is reached: © Operation of pushing a’s o b

d (Read,, a, p) = (Read,, ap)
0 (Read,, a, a) = (Read,, aa)
0 (Read,, a, b) = (Read,, ab)
8 (Read,, b, ¥) = (Read,, by) ( P
8 (Read,, b, b) = (Read,, bb)

0 (Read,, b, a) = (Read,, ba) _

The following set of six equations ignores the middle symbol. The transition from Read,
state to Read, state is made without changing the stack string.

6 (Read,, a, a) = (Read,, a) "
8 (Read,, a, b) = (Read,, b)
8 (Read,, b, a) = (Read,, a)
8 (Read,, b, b) = (Read,, b)
8 (Read,, €, a) = (Read,, a)
8 (Read,, €, b) = (Read,, b) _

The following three equations denote the process of matching the secqnd 1_1a1f of thg inpx:
string with the stacked symbols in order to check whether or not the string 15 2 palindrome,
and accept the string in case itis 2 palindrome.
8 (Read,, b, b) = (Read,, €)
8 (Read,, a, a) = (Read,, €)
" & (Read,, b, ¥) = Accept

We notice that Eq. sets (6.1) and (6.2) have s

(6.2)

ome conflicting entries, which are mentioned

6 (Iieadl, a, a) (Readl, aa) from EqS( .)
8 (Readl, a, a) — (Readz, a) from EqS 62
he haV ! iy tr ﬂSitiOﬂ func-
<k y i SeCﬁOH 63, the diffcrcnces between the a
€ a].l‘ead djscussed n '

NP : he NP
A. : ion function 8 of ¢
tion 8 in a DPDA and an NPD |ained using the transition

The conflicting entries €40 be exp
AR Z_s; U (e} X [ — finite subsets of @ X [+
5:0X%X |
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The aforementioned example of conflicting entries can formally be write,, as

8 (Read,, a, a) = {(Read,, aa), (Read,, a)}
Thus, the NPDA in Fig. 6.14 is capable of accepting the language of all palindrome ,

over = {a, b}. We see that it is however not possible to bl:lild a DPDA for the Sam:?g‘
as we cannot really decide when the mid-point is reached, in order to match the two

of the input string using a single stack. halyy,
Simulation
Let us see a possible simulation for the acceptance of the string ‘aba’.
Current state Stack contents Tape and head
Start v abalbp ..
\: 1
Read, /] abalbp..
al 1
Push a Va ababhp..
Y 0
Readi Ya abakbl..
bl 1
Read, Va abalbl..
al 1
Pop, by ababb..
al 7
Readg 7 ababb..
bl 7
Pop; — abablb..
pl T
Accept

: . i eye . oo . . ible
Since NPDA is a possibilistic machine, the aforementioned simulation 1s 0n¢ posst

; iy N i 4 al
machine transition that leads to acceptance. This is interpreted considering the fact tb

is a mid-point of ‘aba’. R

i ey

Note: No DPDA exists, which can accept the CFL expressed by the given grammar G- Th“sl’u:h
can say that NPDA is more powerful than DPDA; NPDA accepts many more CFLs fOf le
5o DPDA can be built. In other words, the class of CFLs accepted by DPDA is a Prope"

. Ofthe CFLs accepted by NPDA.;,:t7. it e sr SEhotes st it i <

R OEFG R, A e ks X 3

N——

e e

P

2o ¥ | o 3k
tedsas s S e L,
el teay b g

6.6.1 Relative Powers of DPDA/NPDA and NFA/DFA
From the aforementioned discussion
NPDA may not be accepted by a DP
an equivalent DPDA. This is comp

¥
d by’
» We can conclude that a language acceptenm e
DA. As aresult, for every NPDA, there may‘o
aratively different from the NFA/DFA scen?”

-
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Referto th,

_ e Vi i

ive powers of D;I}]\n :;gram shown in Fig, 6.15 that depicts the rela-
there exists ap CQUi\:raler: ’DI;PDA’ i e by
We can say that DRA A accepting the same regular language,

and NF 2
n.ot hold true for PDA: NFA have equal powers, However, this does

NPDA that accepts
Thus, DPDA is Jes

6.7 EQUIVALENCE OF CFG AND PDA

So far in the examples,

Venn diagram explaining we have not directly used the CFG for

building the P
3 ave powers of DPDANPDA and g the PDA. Instead, we have used the language properties

DFAINFA and a simple algorithm that uses a single stack to achieve the
acceptance.

' In this sectlo.n, we shall discuss the algorithm to build an NPDA directly, based on the
given CFG. This algorithm treats the NPDA mainly as a syntax analyser (or parser) that
validates the input string based on the given grammar or CFG. Precisely, the NPDA is
considered as a top-down parser, which uses leftmost derivation to generate the input string
to be validated. The NPDA thus constructed uses the CFG to apply one grammar rule at
a time and generates the input string, symbol by symbol. Each generated symbol is then
matched with the input symbol read. If all the input symbols are matched, then the NPDA
considers the input string as valid.

Example 6.7 Constructa PDA that accepts the language generated by the following CFG:

S SS| 1)
p : hown in Fig. 6.16.
Solution 'The required NPDA 18 A L gs mentioned earlier. As we

. : rivation process a :
The algorithm is based on the leftmost de p o eftmost non-terminal

are aware, the leftmost derivation procf:c;s involves;;?:]llz;m;ir e e if the rovided
, .+t hand side of the gramm !
at every step by the right-han

: Further, whenever a
g ’ n A is replaced by a- _
grammar rule is of the form ‘A — o’ the " vead to match it

: mbo
terminal symbol is generated on the stack, an input 8Y

| Algorithm K .
] : : mbol onto the stack: ion rule that 8
| 1 St pushing the 5 SY] ush the right-hand side of the Proc‘mcthe reverse Way.
¢ 2. After popping the start symbol, P string onto the stack, butn e
i applicable in the ' ° is pushed in the reverse 2
applica

- f the stack. In this way
at the 1 R o
PleaSi m:::;it‘lm e & e stack and expanded fu
S0 as to I

the leftmost non-terminal § .
' to achieve the leftmost der;\(l)atils cnerated - ILOP
| 3. Whe a terminal sym it matc .
» Syml;l:lv;'rom the tape and check whet

femost non-termin?

d an input
bol.

ping from the stack, ream
the currently popped Y
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Pl S

‘Push; S| |:Pushy) | | Pushy(

Pushy S | [PushsS| [ Pushg(

Pushg (_

-

Figure 6.16  NPDA that accepts the language generated by S — SS|(S)|( )

F' 4. Continue the process till the entire input string is consumed.

i 5. When the stack is empty, that is, the popped symbol is #, read the input. If the symbfll
L read from the input stream is ¥ (indicates end of input), then declare acceptance. This
also denotes that the input string is entirely derived using the NPDA and that the itp!
string is syntactically valid.

Simulation

Let us simulate the working of the NPDA in Fig. 6.16 for the string ‘(( ) ()"
Leftmost derivation for the string ‘( () () )’ is:

S=(S5)
=(SS)
=(()S)
=(()())
We shall use this derivation for the simulation, as follows:
Current state Stack contents Tape a‘nﬂlffd//
Start : b (()())pY-
d: T
Push, S - bS . (()( )bV
l T

A
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b)S
B)S(
b)S
b)s
b)
b)s
b)SS
b)S
p)Ss)
p)S)(
p)Ss)
p)S)
v)Ss
p)sS
b)
b))
p))(
¥))
¥))
v)
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(()C))bF...
7

(O bk...
T
(YO bp...
T
()N bp..
T
(YN bk..
T
(C)()N)bb...
T
() bk..
T
(N kE..
T
(()())bb...
T
() bb...
T
()b ...
T
(()(O))bb...
T
() B ...
T
() bE...
T
(()O))bb...
i
((YCNPE...
T
()b
I
(O)NPE...
T
(OYNPY...
T
(OIPLLEE
T
(OO B -
T
(OHYC)bb ..
T
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Read, ¥)

OOy
) o
(OIONTH
5
(OO by,

T

(O by,

T

COISNTN

T

—
Example 6.8 Constructa PDA that accepts the language generated by the gramp,

S>S+S|5*5|4

Solution The required NPDA is constructed as shown in Fig. 6.17.

Pushs S

Pushg*:

Push; §

Figure 617  NPDA that accepts the language generated by S —» S + S|S* S|4

Simulation

Let us simulate the working of the NPDA that we have constructed for the strif )

o

il
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Leftmost derivation for the string ‘4 + 4 * 4’ ié 5 Eollomwa:

S=5+8§
=4+S
=4+ S*S
=4+4*5
=4+4*%4

Based on the leftmost derivation, the simulation for the acceptance of the string ‘4 + 4 * 4’
is as follows:

Current state Stack contents Tape and head
Start 7 1+4*4w_...
J
Push, § pS r;.\+4*4bks..
d
Pop b f‘r+4*4bb"
sl -
Push, BS A A5 AR
sl
Push, + BS+ ‘}r+4*4bbf”
il;usms pS+S ?+4*4bb
Siead: #ovy 4-;4*4135”
4top ol 4-;4*455
+1 4+ 4%40Y
Read, bs i
+4 4+ 44UV
Pop g T
4*x4bb
* b & 8
J’SS 4+4*4bﬁ
Pl!Shs* yS* T
¥
) » S*S 4“‘#*”
Pus
l 7 BS* 4_}_#*4}1#
Pop abb
sl §S* 4+4;
Readl
al

| ————
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€ 70} 4+4*4
Pop b i “’..
* ] 4 + 4 *
) 4 )
Readg b Tb
Pop- ) "
sl 4 + 4 %4
'Readl b IFb
41 e 4+ 44y,
Pop 1
bl 4+ 4
Read4 T 45&?'
Bl
Accept S

6.7.1 NPDA Construction using Chomsky Normal Form
As we know, Chomsky normal form (CNF) mandates only two forms of production nye;

1. S> AB
2. S>a

Production rule of type 1 has exactly two non-terminals on the right-hand side_, whik
the production rule of type 2 contains a single terminal symbol at the right-hand sid.

In the previous two examples, we observe that even the terminal symbols are pushed pnm
the stack and again popped to match the input symbols. The complexity of this algoritin
can be reduced using CNF. If we express the grammar in CNF, then the production {Uiﬂﬂf
type 1 is used to push the right-hand side onto the stack, while the rule of type 2 is direct
used to match the input symbols from the tap. This has two benefits:

1. Terminals are not pushed onto the stack.

: in ¢
2. At most, two non-terminal symbols are pushed onto the stack at every step
derivation process.

This in turn helps control the stack growth, which as we have seen, is much mor mile
out CNF. On the other hand, grammar without CNF may have multiple symbols ?
right-hand side of production rules.

Example 6.9 Construct a PDA that accepts the following language:
L={a"|n>0)

Solution The CFG for the given language can be written as
S — 55| aa

Let us express the grammar in CNF:
§— 85| AA
A>a

y
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'R‘%;&l
?pu,Shi;/S% % <
Pop b 2
@ Readz
S s :
: it Pushy 4
Push; § Pushs A

Figure 6.18 NPDA that accepts {2 | n > 0}

We see from Fig. 6.18 that in the grammar expressed in CNF, no terminal gets pushed
onto the stack.

Example 6.10 Construct a PDA that accepts all palindrome strings over 2 = {a, b}.

Solution This is the same as Example 6.6 that we solved earlier. Let us apply the CNF
and then compare the efficiency of the resultant PDA.
The CFG for the language is defined as

S—aSa|bSb|alble

Removing the e-production, the grammar can be written as

S-—>aSa|bSb|a|b|aa|bb
Now, let us convert this grammar t0 CNF:

S_sASA|BSB|AA|BBlalb
A—a

B—b .
i be consl
Therefore, the final CFG expressed if the CNE, which can b€

the required PDA is as follows:

R,—SA
R,— SB
A—a
B—-b

dered for constructing

|BB|alb
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Using this grammar, the NPDA can be constructed as shown in Fig 6. 19,

ab

Push, R, Push, R, BUShﬁj B"Shs —] m %
Cllc T Ty

Figure 6.19 NPDA that accepts all palindrome strings

Simulation

Let us simulate the working of the NPDA in Fig. 6.19 for the string ‘abg’,

! Current state Stack contents Tape and head 6.8 CL(
Start b abakpy ..
l T

Push, § s abalpypy
l T
Pop 4

o gbabb..
i"Sthl PR, abappy .

T

iush,A b R.A ;babk
P

MOP bR, ¢szabb...
Read

a 2 bR, abappy .
Pop b T

R,l abab’b...

T
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e BAS ; ? alby,.
e “bapy .,

s bA 1 i;
Read, abapyy ¥
\J bA i I

op 2 |

2 : abapy ., !
Readz b T |

a i’ 5 a b a h b - . l
Pop _ - 7

e abapyp..

Read, - 1

o= abapy ..

Accept %

This simulation is based on the following leftmost derivation:

S=AR,
=aR,
=asSA
=abA
=aba

68 CLOSURE PROPERTIES OF CFLs

Context-free languages (CFLs), like RLs, are also closed under union, concatena-
tion, and Kleene closure. Let us attempt to prove these facts using CFG and PDA

concepts.

Theorem 6.1
If L, and L, are CFLs, then their union ‘L U Ly’ is also a CFL. In other words, CFLs are
closed under union.

and L,. This means that these languages.

(CFGs). . '
which has S, as its starting non-

uction of the form

Proof

Let us consider two

can be represented using context-
Let us assume that L, is repres

terminal (or start symbol). Hence: Gi

context-free 1anguages, L,

free grammars
ented by the CFG G,
begins with a prod

Sl—)al
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6.9 ADDITIONAL PDA EXAMPLES

In this section, let us discuss some more examples on the construction of PDA

Example 6.11 Construct a PDA that recognizes the following laﬂguage;\
{@"x|n=0,x € (a,b}*and |x|=n )

Solution We see that for the given language, it is not possible to determine
string of a’s—that is, a"—ends, and the string x starts. This is because x a5,
a’s. Hence, we design an NPDA as shown in Fig. 6.20.

Where the

b

a
Push a @

a, p

Accept

Figure 6.20 NPDA that accepts {a” x | n = 0,
X € {a, b)*and | x| < n}

- Algorithm

-

1. Pushall a’s onto the stack till we reach the beginning of x. (Remember that x m2y sat

. with either a or b. Determinism is impossible to achieve if x starts with a).

| 2. Read one symbol from x—either a or b—and pop one a from the stack.

3. Continue the process till you reach the end of the input. -

- 4. When the input ends, that is, when youread ¥ on the tape, the stack may either beott |
. (if x| = n) or may have a few a’s left (f x| < n). of |
'. 5. Ineither case, the stack cannot be empty before the input ends, as x| >nis notal?™”

_-___'-—/

E 60 e .
xaT;l]::p:Zt o?a] 1 fuoinsn-uct a PDA for the langu:_ige described as follows: e and b
ngs over alphabet {a, b} with exactly equal number of a’s 2" ;
or”
slﬂfk |

y
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Solution We need to consider the fact that the string might begin with either ¢
Therefore, pushing only a’s or only b's will not work. We need to push whenevet



is empty Of the top of the stack ¢
arries th
(] Sa;

algorithm that follows. Th
i € required D
PDA

Figure 6.21 DPDA that accepts equal number of a'sand b's

| Algorithm

| L ?ead a symbol, either @ of b.

. If the stack is empty, that is, the
has been read.

. glhe top of the stack contains th

so push this symbol.

. If the top of the stack carries 2 8Y
example, if the symbol read is @
the symbol onto the top of the sta
versa.

. Continue with the
you read # on the tape:

. When the input string €* S
then accept the input string-

PUSHD

0

WN STACK.MEMORY
MA(‘,h’

Ines
1€ Just read, Ref
« K€ er to lh

is depict :
ed in
8.6.21,

top of the stack top

e same symbol as t

and the top of the
ck. This contrl

contains #, push the symbol that

he symbol that has been read, then

.« different from what has beett read—ror
ack contains b, or vice yersa—pop

ibutes 10 matching a's with p's, O VICE

ing ends: that s, until
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Example 6.13 Construct a PDA that accepts the language L _—_m
N El]

Solution  For this language, we need to match the number of a’s at the beginy:

end of any input string. This means that we must push all the a’s before the :193 iy
and match them later with the a’s that follow. The b’s in between can be fead Mg ofy
The following algorithm explains the working of the required PDA 'gnor

" Algorithm
- 1. Push all a’s till you read the first b.

- 2. Read and ignore all &’s.
- 3. For every a you read after that, pop one a from the stack.

4. Continue step three till the input ends. When the input ends, the stack should be
if this holds true, accept the input string, iy

The DPDA can be constructed as shown in Fig. 6.22.

Figure 6.22 PDA that accepts a"b"a"

SUMMARY i
WA ushd e PRI .. ; T T — : ¢
; P&aﬁonmmik;nai?wmacmne (PDM)isacom-  since the set of RLs is a proper Subse! Ofn::e
s théi h.as“a‘ri élébriihe Gj?an use to solve any prob- class of CFLs, fg,r every finite state mar: d
 single stack memory, e solution and requires a . (Fs), there exists an equivalent POM: *'y
- APDM accepts or recognizes rac. ... Vice versa, Hence, a PDM is more POWE
CEPIS of recognizes regular langya gos. eppaor IE :if; iif?ntitg . mory in the forf!

 [REs) 2s well s contextfree languages (cpig),

an external stack. -
Al IO T
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